Entropic Corrections to Friedmann Equations 
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Recently, Verlinde discussed that gravity can be understood as an entropic force caused by changes 
in the information associated with the positions of material bodies. In the Verlinde's argument, the 
area law of the black hole entropy plays a crucial role. However, the entropy-area relation can be 
modified from the inclusion of quantum effects, motivated from the loop quantum gravity. In this 
note, by employing this modified entropy-area relation, we derive corrections to Newton's law of 
gravitation as well as modified Friedman equations by adopting the viewpoint that gravity can be 
emerged as an entropic force. Our study further supports the universality of the log correction and 
provides a strong consistency check on Verlinde's model. 
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It was first pointed out by Jacobson [l| that the hy- 
perbolic second order partial differential Einstein equa- 
tion has a predisposition to the first law of thermody- 
namics. This profound connection between the first law 
of thermodynamics and the gravitational field equations 
has been extensively observed in various gravity theories 
0, Q. Recently the study on the connection between 
thermodynamics and gravity has been generalized to the 
cosmological situations 043; where it was shown that 
the differential form of the Friedmann equation on the 
apparent horizon in the FRW universe can be rewritten 
in the form of the first law of thermodynamics. The ex- 
tension of this connection has also been carried out in 
the braneworld cosmology [To|, HU ■ The deep connection 
between the gravitational equation describing the gravity 
in the bulk and the first law of thermodynamics on the 
apparent horizon reflects some deep ideas of holography. 
Although Jacobson's derivation is logically clear and the- 
oretically sound, the statistical mechanical origin of the 
thermodynamic nature of general relativity remains ob- 
scure. 

Recently, Verlinde fl2| has put forward an idea simi- 
lar in spirit to Jacobson's thermodynamic derivation of 
the Einstein equations, where it is argued that Newton's 
law of gravitation can be understood as an entropic force 
caused by information changes when a material body 
moves away from the holographic screen. Quantitatively, 
when a test particle or excitation moves apart from the 
holographic screen, the magnitude of the entropic force 
on this body has the form 



new window to understand gravity from the first princi- 
ples. The study on the entropic force has raised a lot of 
enthusiasm recently (see |FML6l | and references therein) . 

It is important to note that in Verlinde discussion, the 
black hole entropy S plays a crucial role in the derivation 
of Newton's law of gravitation. Indeed, the derivation of 
Newton's law of gravity depends on the entropy-area re- 
lationship S = A/4£p of black holes in Einsteins gravity, 
where A = AirR 2 represents the area of the horizon and 
£p = Gh/c 3 is the Planck length. However, this definition 
can be modified from the inclusion of quantum effects, 
motivated from the loop quantum gravity (LQG). The 
quantum corrections provided to the entropy-area rela- 
tionship leads to the curvature correction in the Einstein- 
Hilbert action and vice versa [13, EH ■ The corrected en- 
tropy takes the form [l9| 



A A r 



const, 



(2) 



where /3 and 7 are dimensionless constants of order unity. 
The exact values of these constants are not yet deter- 
mined and still an open issue in loop quantum cosmol- 
ogy. These corrections arise in the black hole entropy in 
LQG due to thermal equilibrium fluctuations and quan- 
tum fluctuations [2(| . Taking the corrected entropy-area 
relation into account, we will derive the corrections 
to the Newton's law of gravitation as well as the modified 
Friedman equations. We rewrite Eq. (2) in the following 
form 



FAx = TAS, 



(1) 



where Ax is the displacement of the particle from the 
holographic screen, while T and AS are the temperature 
and the entropy change on the screen, respectively. Ver- 
linde's derivation of Newton's law of gravitation at the 
very least offers a strong analogy with a well understood 
statistical mechanism. Therefore, this derivation opens a 
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where s(A) stands for the correction terms in the entropy 
expression. We adopt the viewpoint of [l2j |. Suppose we 
have two masses one a test mass and the other considered 
as the source with respective masses m and M. Centered 
around the source mass M, is a spherically symmetric 
surface S which will be defined with certain properties 
that will be made explicit later. To derive the entropic 
law, the surface S is between the test mass and the source 
mass, but the test mass is assumed to be very close to the 
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surface as compared to its reduced Compton wavelength 
X m = — . When a test mass m is a distance Ax = 
r)\ m away from the surface S, the entropy of the surface 
changes by one fundamental unit AS* fixed by the discrete 
spectrum of the area of the surface via the relation 



«S- dS ±A-( 1 l ds{A) 



AA. 



(4) 



The energy of the surface S is identified with the rela- 
tivistic rest mass of the source mass: 



E = Mc z 



(5) 



On the surface S, there live a set of "bytes" of informa- 
tion that scale proportional to the area of the surface so 
that 



A = QN, 



(6) 



where N represents the number of bytes and Q is a fun- 
damental constant which should be specified later. As- 
suming the temperature on the surface is T, and then 
according to the equipartition law of energy [2l| , the to- 
tal energy on the surface is 



1 



-Nk B T. 



(7) 



Finally, we assume that the force on the particle follows 
from the generic form of the entropic force governed by 
the thermodynamic equation of state 



F = T 



, AS 

Ax' 



(8) 



where AS* is one fundamental unit of entropy when 
|Aa;| = 7/A m , and the entropy gradient points radially 
from the outside of the surface to inside. Note that N is 
the number of bytes and thus AN = 1, hence from (JB]) we 
have AA = Q. Now, we are in a position to derive the 
cntropic-corrected Newton's law of gravity. Combining 
Eqs. ((H)- (0), we easily obtain 
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(9) 



A=4ttR 2 



This is nothing but the Newton's law of gravitation to 
the first order provided we define Q = 8irkBr]£p. Thus 
we reach 
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Finally, using Eq. ([2]) we obtain the modified Newton's 
law of gravitation as 



F= — 
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nR 2 
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Thus, with the correction in the entropy expression, we 
see that the Newton's law will modified accordingly. As 



we mentioned, these corrections are well motivated from 
bottom-up quantum gravity theories. The log correc- 
tion to the area-entropy relation appears to have an al- 
most universal status, having been derived from multiple 
different approaches to the calculation of entropy from 
counting microscopic states in different quantum gravity 
models. Since the last two terms in Eq. (fTT|) can be com- 
parable to the first term only when R is very small, the 
corrections make sense only at the very small distances. 
When R becomes large, the entropy-corrected Newton's 
law reduces to the usual Newton's law of gravitation. 

Let us compare our result with that obtained in [15j . 
The first correction term originates from the log correc- 
tion in Eq. (17) of [HI is similar to ones we obtained in 
Eq. (fTT|) . however, it seems that the second correction 
term in Eq. (17) of is not reasonable. Physically, the 
effect of the correction terms on the quantity should be 
less than the uncorrected quantity. Similarly, the contri- 
bution of the first correction term in the physical quan- 
tity (force here) should be more from the second term 
and so on. For all above reasons, we think the second 
correction term in Eq. (17) of [15] is not correct, and 
the corrected form is that presented in our note. The 
origin of this difference is due to the fact that the sec- 
ond (volume) correction term to the entropy expression 
in [1 5j j is not indeed a correction term, although it was 
are ued by pj] that this term is also emerged in a model 
for the microscopic degrees comprising the black hole en- 
tropy in LQG [23| . Let us stress here that although in 
the literature there is doubt about the second correction 
term in entropy-corrected relation, however, it is widely 
believed [l9| that the next quantum correction term to 
black hole entropy have the form £p/A, which leads to 
the resonable correction terms to Newton's law of grav- 
itation (1111) as we have shown in the present work and 
will lead to corrected modified Fricdmann equation as we 
will see later. 

Next, we extend our discussion to the cosmological 
setup. Assuming the background spacetime to be spa- 
tially homogeneous and isotropic which is given by the 
Fricdmann-Robertson- Walker (FRW) metric 



ds 2 



h^dx^dx" + R 2 (d6 2 + sin 2 0d(f> 2 ), 



(12) 



where R = a(t)r, x° = t,x = r, the two dimensional 
metric /i M j,=diag (— 1, o 2 /(l — kr 2 )). Here k denotes the 
curvature of space with k = 0,1,-1 corresponding to 
open, flat, and closed universes, respectively. The dy- 
namical apparent horizon, a marginally trapped surface 
with vanishing expansion, is determined by the relation 
WdpRduR = 0. A simple calculation gives the apparent 
horizon radius for the FRW universe 



R = ar = 



1 



^JH 2 + k/a 2 



(13) 



We also assume the matter source in the FRW universe 
is a perfect fluid with stress-energy tensor 



(p + p)u,j,u v + pg^. 



(14) 
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Due to the pressure, the total mass M = pV in the region 
enclosed by the boundary S is no longer conserved, the 
change in the total mass is equal to the work made by 
the pressure dM = —pdV , which leads to the well-known 
continuity equation 



p + 3H(p + P ) = 0, 



(15) 



where H = a/ a is the Hubble parameter. It is instruc- 
tive to first derive the dynamical equation for Newtonian 
cosmology. Consider a compact spatial region V with 
a compact boundary 5, which is a sphere with physi- 
cal radius R = a(t)r. Note that here r is a dimensionless 
quantity which remains constant for any cosmological ob- 
ject partaking in free cosmic expansion. Combining the 
second law of Newton for the test particle m near the 
surface, with gravitational force (ITU) we get 



F = mR 



mar 



GMm 



irR 2 



4tt 2 R 4 



(16) 

We also assume p = M/V is the energy density of the 
matter inside the the volume V — |7ra 3 r 3 . Thus, Eq. 
(11611 can be rewritten as 
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A simple calculation leads 



AlT 



M = (p + 3p)^-a 3 r 3 . 



Equating Eqs. (TT9J) and J2TJ) we find 
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(21) 



(22) 



This is the modified acceleration equation for the dynam- 
ical evolution of the FRW universe. Multiplying da on 
both sides of Eq. (|22]l. and using the continuity equation 
(|15[) . after integrating we find 



, k 8nG 

H +— = -3-/ 

a z 3 



npR 2 



d(pa 2 ) 



7 



4tt 2 pR 4 



d(pa 2 ) 



( 23 ) 

Now, in order to calculate the integrations in the correc- 
tion terms we need to find p = p(a). Assume the equation 
of state parameter w = p/ p is a constant, the continuity 
equation (p~5|) can be integrated immediately to give 



p a 



-3(1+™) 



(24) 



where po, an integration constant, is the present value of 
the energy density. Inserting relation ([24)) in Eq. (|23|) . 
after integration, we obtain 



This is nothing but the entropy-corrected dynamical 
equation for Newtonian cosmology. The main difference 
between this equation and the standard dynamical equa- 
tion for Newtonian cosmology is that the correction terms 
now depends explicitly on the radius R. However, we can 
remove this confusion. Assuming that for Newtonian cos- 
mology the spacetime is Minkowskian with k = 0, then 
we get R = 1/H, and we can rewrite Eq. (IT71) in the 
form 



AttG 



7^ 
4tt 4 



(18) 



It was argued in [1 31 ) that for deriving the Friedmann 
equations of FRW universe in general relativity, the quan- 
tity that produces the acceleration is the active gravita- 
tional mass A4 22] , rather than the total mass M in the 
spatial region V. With the entropic corrections terms, 
the active gravitational mass M. will also modified as 
well. On one side, from Eq. (fTTl) with replacing M with 
A4 we have 
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On the other side, the active gravitational mass is defined 
as Gl 



M = 2 dV 
Jv 



(20) 



2 _^_8ttG /3{1 + 3w) 1% 7 (1 + 3w) 1% 

+ a 2 ~ 3 9 3n(l + w)R 2 Att 2 (5 + 3w)R 4 

(25) 

Using Eq. (fl3|) we can further rewrite the above equation 
as 
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1 



dl 2 p (l + 3w) 
3tt(1 + w) 
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8nG 
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If /3 and 7 are viewed as small quantities, then the above 
equation can be expanded up to the linear order of (3 and 
7. The result is 



U + — — 
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pl 2 p {\ + 3w) 
3?r(l +w) 



H A + — 



U + — — 



8ttG 



(27) 



which is in complete agreement with the result of 8] (see 
also [9j). In this way we derive the entropy-corrected 
Friedmann equation of FRW universe by considering 
gravity as an entropic force caused by changes in the in- 
formation associated with the positions of material bod- 
ies. In the absence of the correction terms (/? = = 7), 
one recovers the well-known Friedmann equation in stan- 
dard cosmology. Since the last two terms in Eq. ([23)1 can 
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be comparable to the first term only when a is very small, 
the corrections make sense only at early stage of the uni- 
verse where a — >• 0. When the universe becomes large, 
the entropy-corrected Friedmann equation reduces to the 
standard Friedman equation. 

In summary, we have shown that with the entropy cor- 
rections to the area-relation of the black hole entropy, the 
Newton's law of gravitation and the Friedmann equa- 
tions will be modified accordingly. These corrections are 
motivated from the LQG which is one of the promising 
theories of quantum gravity. We derived the correction 
terms to the Newton's law of gravity as well as modified 
Friedmann equations of the FRW universe starting from 
the holographic principle and the equipartition law of en- 
ergy by using Verlinde's argument that gravity appears 
as an entropic force. In particular, we have found that an 



apparently universal log correction to the area-entropy, 
yields deviations from Newton's law and Friedman equa- 
tions that are identical in form to those obtained from 
perturbative quantum gravity. This at once sheds light 
on the reason for the universality of the log correction and 
provides a strong consistency check on Verlinde's model. 
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